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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

1. Fourier Series Representation of Continuous Time Periodic Signals:

Approximation or Representation of a continuous time periodic signal x(t) over a certain interval by
a set of mutually orthogonal signals is called Fourier Series (FS). There are mainly two different
ways of representing a continuous time periodic signal x(t) by a Fourier Series.

» Trigonometric Fourier Series

» Exponential Fourier Series

2. Dirichlet’s Conditions:

Conditions under which a periodic signal x(t) can be represented by a Fourier Series is called

existence of Fourier Series or Convergence of Fourier Series or Dirichlet conditions.

» Condition-1: Over any period T, the signal x(t) must be absolutely integrable;
T
f |x(t)]dt <
0

1
Example: x(t) = ?,O <t<1

Above periodic signal violates the first Dirichlet’s condition.

» Condition-2: In any finite interval of time, the signal x(t) has only a finite number of maxima

and minima.
21
Example: x(t) = Sin (T),O <t<1

Above periodic signal violates the second Dirichlet’s condition but satisfies condition-1.

» Condition-3: In any finite interval of time, the signal x(t) has only a finite number of

discontinuities. Furthermore, each of these discontinuities must be finite.

Example: x(t) = <

Above periodic signal violates the third Dirichlet’s condition but satisfies conditions-1 & 2.
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3. Trigonometric Fourier Series (TFS):

Approximation or Representation of a periodic signal x(t) over the interval (to, to+T) by a set of
mutually orthogonal sinusoidal signals is called Trigonometric Fourier Series (TFS).

Now we can represent any periodic signal x(t) by using a set of mutually orthogonal sinusoidal
signals, 1, Cos(wot), Cos(2wot), Cos(3wot),........ , Sin(wot), Sin(2woet), Sin(3wot),......

= X(t)=apl+a1Cos(wot)+a2Cos(2wot)+azCos(3wot)+........ +b1Sin(wot)+b2Sin(2wot)+ baSin(3wot)+...
=>x(t) =ag+ Z(anCos(nWOt) + b,Sin(nw,t)), wy = ZTT[

n=1

where, ag, a, and by are coefficients of TFS

1 to+T
f x(t)dt
t

a0=7
0

to+T
a, = ?.f x(t)Cos(nwyt)dt
t

0

b, = Tf x(t)Sin(nwyt)dt
t

0

Proof:
ftt()°+Tx(t)Cos(nW0t)dt

= fti;’” Cos2(nwyt)dt
ftt()°+Tx(t)Cos(nW0t)dt

T/2

= —f x(t)Cos(nwyt)dt
T J,

to+T
J Cos?(nwyt)dt
t

0

_ft(’” 1+ Cos(2nwyt) it
=) 2

0
1 T t0+T
==\t fo + +J Cos(2nwyt)dt
2 to fo

1

T
2
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ftzow x(t)Sin(nwyt)dt

ft?” Sin2(nwyt)dt

b, =

fttoow x(t)Sin(nwyt)dt
T/2

= —f x(t)Sin(nwyt)dt
T t

0

[2*T x(D)1dt

to

[ 1zdt

a0:

[T x()dt

to
tO + T - to
to+T
fto x(t)dt
T

1 to+T
== j x(t)dt
to

Fourier Series and Fourier Transform

to+T
J Sin?(nwyt)dt
t

0

B ft"” 1-— Cos(ZnWOt)> it

= . 2
1 t0+T

— (et T _ J Cos(2nw,t)dt
2 to to

1

T
2
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4. Exponential Fourier Series (EFS):

Fourier Series and Fourier Transform

Approximation or Representation of a periodic signal x(t) over the interval (to, to+T) by a set of

mutually orthogonal complex exponential signals is called Exponential Fourier Series (EFS).

Now represent a periodic signal x(t) by using a set of mutually orthogonal complex exponential

signals ... ... ...... e J3Wol @=J2Wol o=jWol 1 @JWot gj2Wol @j3Wol

= x(t) A C_3e_j3wot + C_Ze—jZWOt + C_le—jWOt + CO + ClejWOt + CzejZWOt + C3ej3W0t +

2T

= x(t) = Z Crpel™ot, Wy = a

n=-—oo
where, Cy is the coefficient of EFS

1 t0+T .
C, = —j x(t)e T™Woldt
T t

0

Co=17 ft x(t)dt

0

Proof:

tot+T —jnwot
fto x(t)e ™ot dt

n

ftt0+T ejnwot o—jnwot qt
0

totT —jnwgot
fto x(t)e ImWotdt
- to+T
fto dt
to+T —jnwgt
fto x(t)e /™Wotdt
to + T - tO
fto x(t)e /™Wotdt
T

1 t0+T .
= Tf x(t)e T™Woldt
¢

0

and

Co=17 ft x(t)dt

0
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

5. Relation between TFS and EFS:

We know the Trigonometric Fourier Series (TFS) expansion of a periodic signal x(t);

= 21
x(t) =ag+ Z(anCos(nwot) + b, Sin(nw,t)), wy = T

n=1

where, ag, a, and by are coefficients of TFS

1 t0+T
ay = —f x)dt————————————— (D)
T to
to+T
a, = 7] x(t)Cos(nwot)dt — — — — — — — — (2)
to
2 to+T
b, = FJ- x(®)Sin(nwyt)dt — — — —— — — —=(3)
to

We know the Exponential Fourier Series (EFS) expansion of a periodic signal x(t) is

o)

x(8) = Z cnel™t, wo = —

n=—oo

where, Cy is the coefficient of EFS

1 to+T

Co = —j x()dt —————————— —— 4)
T to
1 to+T ]

C, = —j x(t)e MWotdt — — — — — — — —(5)
T to
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Coefficients of TFS in terms EFS:
ap = Co

a, =06, +C_,

by = j(Cn — C_y)

Proof:
From equations (1) and (4)

= aO = CO
From equation (2)

to+T
j x(t)Cos(nwyt)dt
t

= ==
a, T 0
2 to+T ejnwot_l_e—jnwot
=>a, = —J x(t) dt
T to 2

to+T _ .
= an = —f (x(®)e/™ot + x(£)e~/™ot)dt
t

0

1 rlotT ) to+T _
= an = Tf x(t)e/™otdt + ?f x(t)e /mWotdt
t to

=a,=C_p+C,=Cp+C_,

sa,=0C,+C_,

From equations (3)

2 t0+T

= b, = Tj x(t)Sin(nwyt)dt
to

) to+T ejnwot_e—jnwot

= b, == t dt
" TLO 8 )< 2j )
to+T ' '

= bn = —]? (x(t)e]nwot _ x(t)e—]nwot)dt

to

tot+T ] 1 [to+T '
= b, = —J (?f x(t)ef"WOtdt — ?f x(t)e‘J”WOtdt>
t

0 to

= b, =—j(C_, — C)
= b, = j(C, —C_p)
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Coefficients of EFS in terms TFS:
Co=ag

Cn — an _jbn

Proof:
From equations (1) and (4)

= CO = aO
From equation (5)

>0, =5

to+T
t —jnWOtdt
Tjt x(t)e

0

=>C, = T,’_ x(t)(Cos(nWOt) —jSin(nWOt))dt
t

0

=>C,= T,’_ (x(t)Cos(nwyt) — jx(£)Sin(nw,t))dt
to
1/2 (totT 2 (totT
=C, = —(7j x(t)Cos(nwgt)dt _jff x(t)Sin(nwot)dt)
to t

0

1
=>Cp = E(an _jbn)

a, —jb
:Cn=ann

Similarly,
an +]bn
-n = T
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6. Properties of Fourier Series

We know the Exponential Fourier Series (EFS) expansion of a periodic signal x(t);

n=-—oo
Where,
C, = —f x(t)e T™Wotdt
T to

6.1. Parseval’s Theorem

Fourier Series and Fourier Transform

If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the average power of a

signal x(t) can be computed from the formula

1 t0+T @
P=z|  ROPd= ) 1GI#
T t

0 n=—o
Proof:

From the definition of average power of a signal

— 2
P_TL lx(t)|2 dt

0

P = —f x(t) x*(t) dt
T to

*

1 t0+T ® .
p== j x(6) Z C eimvot | dt
T),

n=-—oo
1 t0+T ® .
Pz—f x(6) Z Cre—imwot | gt
T to n=—oo
® 1 t0+T .
- Z c: (— j x(t)e-J"Wotdt)
n=-—oo T to
p= cc,
n=—oo
= z |Cn|2
n=—wo
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6.2. Linear Property

If x(t) and y(t) are two periodic signals with exponential Fourier series coefficients C, and Dy, then
the exponential Fourier series coefficient of a signal ax(t)+by(t) is aCn+bDn.
Proof:

The coefficient of x(t),C, = =

to+T
t —jTlWOtdt
T,]; x(t)e

0

The coefficient of y(t),D,, = =

to+T .
f y(t)e I™Woldt
T,

0

The coefficient of ax(t) + by(t)

1 to+T )
= Tf (ax(t) + by(t))e~/"Wotdt
to

1 to+T . )
= Tf (ax(t)e™ ™ot + by(t)e /™ol )d¢
to
= ?J‘ ax(t)e /™Woldt + ?f by(t)e /™oldt
to to
= a—f x(t)e /™Woldt + b—f y(t)e /MWoldt
T, T

0 to

=aC, +bD,

6.3. Time Shifting Property
If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier
series coefficient of a signal x(t — t,) is C,,e ~/™Woto

Proof:

The coef ficient of x(t),C, = =

to+T
t)e /mwot gt
T_]; x(t)e

0
The coef ficient of x(t — t,)

1 to+T .
= ?f x(t — tg)e /™Woldt, lett —to =1 >dt =dt
t

0

1 T
= —J x(t)eTMwolto+D g
T'Jo

1 (T . .
= ?f x(1)e~/™Wolog=JnWoT
0

; 1 (T ;
= e""WOtO—J x(t)e /™Woldr
T Jy

=C,e —Jjnwoto
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

6.4. Frequency Shifting Property
If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

series coefficient of a signal x(t)e/™%ot s C,,_,,

6.5. Time Reversal Property
If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

series coefficient of a signal x(-t) is C_,,

6.6. Conjugate Property
If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

series coefficient of a signal x*(t) is C*,,

6.7. Time Scaling Property
If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

series coefficient of a signal x(at) is C,,, where, a > 0.

6.8. Time Differentiation Property

If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

series coefficient of a signal %x(t) is jnwyCy,

6.9. Time Integration Property

If x(t) is a periodic signal with exponential Fourier series coefficient Cy, then the exponential Fourier

Cn

. .. . t .
series coefficient of asignal [~ x(z)dT is -
—© Jjnwo

6.10. Periodic Convolution

If x(t) and y(t) are two periodic signals with equal period of T and the exponential Fourier series
coefficients are C, and Dn, then the exponential Fourier series coefficient of a convoluted signal
x(t) *y(t) is TC,D,

6.11. Multiplication Theorem
If x(t) and y(t) are two periodic signals with equal period of T and the exponential Fourier series

coefficients are Cn and D, then the exponential Fourier series coefficient of a signal

x(OY® is ) CuDuom

m=—oo
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7. Complex Fourier Spectrum:
» The coefficient of EFS is complex, i.e. C, = |Cn|£Ch.
» Graphical representation of |Cn| Vs w=nwy is called Line Spectrum or Magnitude Spectrum.
|Cl

A

-Awg  -3Wp  -2Wp  -Wo 0 Wo 2Wo  3wo 4w NWo

» Graphical representation of ZCn Vs w=nwyp is called Phase Spectrum.

ZCq

A

[

Awg  -3Wo  -2Wp  -Wo 0 Wo 2Wo  3wo 4w NWo

» Graphical representation of |Cn| Vs w=nwo & ZCn Vs w=nwp is called Complex Fourier
Spectrum.

Amplitude Spectrum exhibits even symmetry.

Phase Spectrum exhibits odd symmetry.

When x(t) is real , then C-n=C*n. i.e. Cn and C-n are complex conjugate pairs.

YV V V V

Average power of a periodic signal x(t) can be computed from parseval’s theorem

P = Z |Cn|2

n=—oo

> Graphical representation of |Caf?> Vs w=nwy is called Power Spectrum.
ICnf?

A

“Awg  -3Wo  -2Wo  -Wo 0 Wo 2Wo  3wo 4w NWo
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8. Deriving Fourier Transform from Fourier Series:

We know that any periodic signal can be represented as the linear combination of complex
exponential signals and such a representation is called Complex Exponential Fourier Series or

Exponential Fourier Series or Fourier Series.

Fourier Series representation of a periodic signal x(t) over the interval (to, to+T) is

x(t) = z C,e/mwot

n=-—ow

Where,

W0=?

1 t0+T .
C, = —j x(t)e T™Woldt
T t

0

Let, nwo = w and to=-T/2

T/2 '
=>TC, = f x(t)e Wt
-T/2

apply as limit T>o

Lt

T - o

(Tc,) = f x(t)e Wtdt
Result of above integration is the function of frequency ‘w’ and it is represented with X(w) or X(f)
=>X(w) = FT[x(t)] = j x(t)e Widt

It is the Fourier Transform of a signal x(t).

Fourier Transform is a mathematical tool, which is used to obtain the frequency domain

representation of a given continuous time domain aperiodic signal.
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9. Fourier Transform of Arbitrary Signals:

Fourier Transform of an arbitrary signal x(t) can be computed from the formula
FT[x(t)] = X(w) =X(w) = f x(t)e Widt
or

FT[x(t)] = X(j2nf) = X(f) = f Oox(t)e‘jznftdt

Evaluation of time domain signal x(t) from the frequency domain is called Inverse Fourier Transform

o]

IFT[X(W)] = x(t) = %f X(w)eVtdw = fooX(f)ejZ”ftdf

Where, the frequency ‘w’ is measured in rad/sec and ‘f” is measured in Hz.

X(t) and X(w) are Fourier Transformable pairs

FT

x@®) " X(w)

IFT

In general, the frequency domain X(w) is in complex form and it can be expressed as
X(w) =Xg (W) +j X; (W)
Where,

Xr (w): Real part of X (w)

X; (w): Imaginary part of X (w)

Magnitude of X(w) is called the magnitude spectrum and it can be computed from the formula

X)) =V [Xg W) 2+ [X; (W) ]2

Phase of X(w) is called the phase spectrum and it can be computed from the formula

)

X (W) =Tan™? <XR W)
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10. Fourier Transform of Standard Signals:
Fourier Transform of Standard Signals, like impulse signal, exponential signals, rectangular signal,
triangular signal, DC signal, complex exponential signal, sinusoidal signal, step signal, signum
signal, etc., can be computed.

(DFT[E@®)] =1

(2) FT[e™"u(t)] =

a+ jw
(3) FT[te~%u(t)] = @trjw)?

(4) FT[t"e *u(t)] = Mﬁ

(5) FT[e*u(-1)] = —

(6) FT[e "] = FT[e®u(—t) + e~ *u(t)] = %

(7 FT [Arect (%)] = ATSinc(fT) = ATSa (W7T>

(8)FT [A. tri (%)] = A;Sinc (fZT) = AZT Sq? (V:T>

(9) FT[1] = 2n8(w) = 6(f)

(10) FT[e/"o!] = 2m8(w — wp)

(11) FT[Cos(wyt)] = ((w + wy) + S(w — wy))
(12) FT[Sin(wot)] = jr((w + wy) — S(w — wy))

Lt p-a _ 2 _ 1
(13) FT[Sgn(t)] = FT [ |t|5gn(t)] T
1+5 1
(14) FT[u(t)] = FT [+—gn(t)] mo(w) + -
T jw
(15) FT[Cos(wot)u(t)] =7 (6(w +wo) + (W —wo)) +———5

0

(16) FT[Sin(wyt)u(t)] = j%(d(w + o) = 8w = wp)) +

(17) FT[e —’“z]—fe ik —\f =

(18) FT[e ™| = e™/*

02_W2

o]

(19) FT z §(t —nTs) = w; Z S(w —nw;g) = f Z S(f—nfs)=% Z 5(f_%)

n=—wo n=—owo n=—owo Nn=-—oo
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

11. Fourier Transform of Periodic Signals:

We know the Fourier Series representation of periodic signal

Apply Fourier Transform

FT[x(t)] = Z C, FT[e/™0]; use FT[e/%ot] = 218 (w — wy)

n=-—owo

= Z Cp2mé(w — nwy)

n=—oo

=27m z C,0(w —nwy)

n=-—ow
Where,
1 t0+T .
C, = —j x(t)e ™Wotdt
T to

12. Introduction to Hilbert Transform:

» Convolution of a signal x(t) with ’%’ is called Hilbert Transform of a signal x(t).

1 «© 1 1 0
HT[x(D)] = 2(6) = x(t) * — = f HO) e = _f x(@)

m)_,t—T
> In the case of Hilbert Transformation of a signal, the magnitude spectrum of the signal does
not change, only phase spectrum of the signal is changed.
Hilbert Transform of a signal does not change the domain of the signal.
Hilbert Transform of the signal x(t) is a linear operation.
Hilbert Transform is applicable to all the signals which are Fourier transformable.

YV V VYV V

The process of recovering the original signal x(t) from its Hilbert Transform is called

the Inverse Hilbert Transform. Mathematically, it is defined as

IHT[R(0)] = x(t) = — J REIOFN

m)_,t—T
> The signal x(t) and its Hilbert Transform x(t) are called Hilbert Transform pair.
» Example: HT[ Sin(wot) ] = - Cos(wot)
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13. Properties of Fourier Transform:

Various properties used in Fourier Transform are Linearity, Time Shifting, Frequency Shifting, Time
Reversal, Conjugation or Conjugate Symmetry, Time or Frequency Scaling, Time Differentiation,

Time Integration, Frequency Differentiation, Frequency Integration, Duality, Parseval’s Relation for
Aperiodic Signals, Time Convolution Theorem or Convolution Property and Frequency Convolution

Theorem or Multiplication Property.

13.1. Linear Property:
If x1(t), x2(t) are two continuous time aperiodic signals and FT[xui(t) ] = X1(w), FT[x2(t) ] = Xa(w),
then FT[a x1(t) + b x2(t) ] = a Xu(w) + b Xz(w) is called linear property of Fourier Transform.

Proof:

From the definition of Fourier Transform

FT[x(t)] = J_wx(t)e‘j‘”tdt

Replace x(t) with a x1(t) + b x2(t)
FT[ax,(t) + bx,(t)] = fw(axl(t) + bx, (t))e/"tdt
= j-oo (ax,(©)e™ ™ + bx, (e W)dt
= jw ax,(t)e Wtdt + Joobxz(t)e‘j‘”tdt

= aJ x, (e IWtdt + bJ x,()e Wtdt

= aFT[x,(t)] + bFT[x,(t)]

=aX,(w)+bX,(w)
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13.2. Time Shifting Property:

If x(t) is a continuous time aperiodic signal and FT[ x(t) ] = X(w), then FT[ x(t — to) ] = % X(w) is
called time shifting property of Fourier Transform.

Proof:

From the definition of Fourier Transform
FT[x(t)] = f x(t)e Wtdt
Replace x(t) with x(t — to)

FT[x(t —ty)] = f x(t —to)e Mtdt, Let t — t, = T,dt = dt
= J x(t)e W+ Ddr
= J x(t)e Wtoe=iwiqr

o0
= e‘j""toj x(t)e Mdr
-0

= e /Wb FT[x(t)]

= e W X (w)

13.3. Frequency Shifting Property:

If x(t) is continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[ e M x(t) ] = X(w-wo) is
called frequency shifting property of Fourier Transform.

Proof:

From the definition of Fourier Transform
FT[x(t)] = f x(t)e Wtdt
Replace x(t) with e ™ot x(t)

FT[e/Wotx(t)] =j e/Wolx(t)e /Wit

= ij(t)e_j(W—W())tdt; FT[X(t)] = X(W) = foox(t)e_thdt

= X(w —wy)
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13.4. Time Reversal Property:
If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[ x(-t) ] = X(-w ) is called

time reversal property of Fourier Transform.

Proof:

From the definition of Fourier Transform
FT[x(2)] =f x(t)e /Wdt
Replace x(t) with x(-t)

FT[x(=t)] = f x(—t)e tdt,Let —t = 7 = dt = —dr

= f x(1)e WEDdr

= j’oox(t)e_f(—w)rd‘r;FT[x(t)] =X(w) = f x(t)e Ivtdt

—00

= X(-w)

13.5. Conjugation or Conjugate Property:

If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[ x*(t) ] = X*(-w ) is called
conjugate property of Fourier Transform.

Proof:

From the definition of Fourier Transform
FT[x()] = J x(t)e "dt
Replace x(t) with x*(t)

FT[x*()] = foox*(t)e‘j""tdt

= (ij(t)ej‘”tdt>
= (fwx(t)e‘j(‘w)tdt>

= (X(-w))’
= X*(-w)

*
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13.6. Time or Frequency Scaling Property:
If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[x(at)] = %X(E) IS

called time and frequency scaling property of Fourier Transform.

Proof:

From the definition of Fourier Transform

FT[x(1)] =f x(t)e /Wdt

Case-1 (a > 0) : Replace x(t) with x(at)

FT[x(at)] = J x(at)e Wtdt, Let at = 7 = adt = dt
= J x(t)e e (dr/a)

_1 f . x(r)e—f(%ﬁdr; FT[x()] = X(w) = j Oox(t)e‘j""tdt
a —o0

—00

X(G)-—---- &

Case-2 (a > 0): Replace x(t) with x(-at)

1
a

FT[x(—at)] = f x(—at)e™Wtdt,Let — at = T = adt = —dt
® . T
= f x(r)e_]w(_a) (dt/a)
1 r® W
= af x(0)e /C%dr

SEPJEa E—— @

a —a
Compare equations (1) and (2)

= FT[x(at)] = %X (g)

Note: If the time domain signal x(t) is scaled with ‘a’ then the frequency domain X(w) is scaled with

“1/a’. Hence the property is called time scaling or frequency scaling property.
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13.7. Convolution (Time Convolution) Theorem:
If x1(t), x2(t) are two continuous time aperiodic signals and FT[xui(t) ] = Xa(w), FT[x2(t) ] = Xa(w),
then FT[ xa(t) * x2(t) ] = Xz(w) Xz(w) is called time convolution theorem of Fourier Transform. i.e,

convolution in time domain leads to multiplication in frequency domain.

Proof:

From the definition of Fourier Transform

FT[x(t)] = f_wx(t)e‘j‘”tdt

Replace x(t) with xi(t) * xo(t)

FT[x1(8) * x,(8)] = j w(xl(t)*xz(t))e_thdt; x1(£) * x,(6) = J mxl(r) X, (t — 7)dt

= J_: <J_Zx1(r) x5 (t — T)d‘[) e vtdt

= J_O;xl(r) (f_o:o x,(t — T)e Wt dt) dr

= fooxl(T)FT[xz(t —1)]dt; FT[x(t —ty)] = e /Wb X(w)
= fooxl(T)e‘jWTXz(w)dT

= X,(w) fooxl(T)e‘jWTdT
= X, (W)FT[x,(¢)]

= X (w)X2(w)

13.8. Multiplication or Frequency Convolution Theorem:

If x1(t), X2(t) are two continuous time aperiodic signals and FT[x1(t) ] = X1(w), FT[x2(t) ] = Xa(w),

X1 (W)xXo(w)

then FT [x; ()x ()] = ==

is called frequency convolution theorem of Fourier Transform.

i.e, convolution in frequency domain leads to multiplication in time domain.
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13.9. Time Differentiation Property:
If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT [%x(t)] = jwX(w) is
called time differentiation property of Fourier Transform.

Proof:
From the definition of Inverse Fourier Transform

IFT[X(W)] = x(t) = %f_ooX(w)ethdw

Differentiate w.r.t ‘t’

d Lt d
aX(t) = EJ-_OOX(W)E(B )dW
1 " ; jwt
= EJ_OOX(W)(jwe )dW

= %J_iij(w)ethdw
= [FT[jwX(w)]
= FT [%x(t)] = jwX(w)
13.10. Frequency Differentiation Property:
If X(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[tx(t)] = j%X(w) 5
called time differentiation property of Fourier Transform.

Proof:

From the definition of Fourier Transform
FT[x(t)] =X(w) = J x(t)e /Widt
Differentiate X(w) w.r.t ‘w’

d * d .
EX(W) = f_wx(t)a(e‘f""t)dt

= foox(t)e‘j‘”t(—jt)dt

=—j footx(t)e‘j‘”tdt
= —jFT[tx(t)]

d X(w)

= FT[tx(t)] =j%

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 22/78




Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

13.11. Time Integration Property:

)

If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT[[ x(t)dt] = is called

time integration property of Fourier Transform.
Proof: From the definition of Inverse Fourier Transform

IFT[X(W)] = x(t) = %f_wX(w)ethdW

Integrate w.r.t ‘t’

fx(t)dt = %I_ZX(w) (f efodt> dw
1 (® e/t
= E,f_ X(w) <]7> dw

*X(w)
"2 — JW

X(w)
jw

—elvtgw

—IFT[

X (W)
jw

= FT U x(t)dt

13.12. Frequency Integration Property:
If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then FT [%t)] = —j [ X(w)dw is
called frequency differentiation property of Fourier Transform.

Proof: From the definition of Fourier Transform

FT[x(®)] = X(w) = wa(t)e‘j‘”tdt
Integrate X(w) w.r.t ‘w

fX(W)dW = f_oo x(t) (f e‘thdw) dt

_ j_ x(® <e_]Wt> dt

_ f x(t) it gy
j t

[x )

= FT [&tt) = —ij(W)dW
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13.13. Duality Property:

If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w),

then FT[X(t)] = 2nx(—w) = x(—f) is called duality property of Fourier Transform.
Proof:

From the definition of Inverse Fourier Transform

IFT[X(W)] = x(t) = %f_iX(w)ethdW
= 2mx(t) = ./:X(W)ef""tdw, repalce 't' with '— t'
= 2nx(—t) = f:X(W)e_thdw, repalce 'w'with 't’
= 2nx(—t) = f_iX(r)e‘jTtdr, repalce 't'with 'w’
= 2nx(—w) = .[;O;X(T)e_ﬁwd‘r, repalce T'with 't’

= 2nx(—w) =j X(HeWtat

= 2nx(—w) = FT[X(t)]

= FT[X(t)] = 2nx(—w)

Similarly, we can show that

= FTX(©)] = x(=f)
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13.14. Parseval’s Theorem:
If x(t) is a continuous time aperiodic signal and FT[x(t) ] = X(w), then the total energy under the

signal x(t) can be computed from x(t) as well as X(w) through the Parsevalls theorem
E= foolx(t) |2dt =ifoo|X(w) |? dw
—0 27-[ —o0
Proof:

We know that the total Energy under the signal x(t) can be computed from the formula

E=fw|x(t)|2dt

—00

0

= j’oox(t)x*(t)dt;IFT[X(W)] =x(t) = if X(W)ethdW

2m
_ f " x® (% f OOX(W)ethdw> dt

- ./—00 x(t) (%fooX*(w)e_thdw> dt

— 1 * " —-jwt
=5 _OOX (w) (J_mx(t)e dt>dw
— N *

= f_ X GFTE(O)dw

— 1 " *
= ﬁj_OOX w)X(w)dw

_1fm|X |2d
=) (w) w
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14. Solved Problem:

(14.1) Determine the Trigonometric Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A
1
3 1 Pt |3 "
| -1 |
| |
| |
| |
| |
| |
I I
= —— >
P T=4
Given periodic signal x(t) over one period (-1, 3)
1, -1<t<1
x(t)_{—L 1<t<3

Trigonometric Fourier Series (TFS) expansion of a periodic signal x(t) is

2T

- ) 2m T
x(t) =ag+ Z(anCos(nwot) + b, Sin(nw,t)), wo = T=7 53

n=1

nm . /mm
x(t) =ag+ z (anCos (7 t) + b,Sin (7 t))
n=1
where, ao, a, and by are coefficients of TFS

1 to+T
j x(t)dt
t

a0=f
0

3
= H 1x(t)dt

=%<j_11x(t)dt+ fjx(t)dt)
:%(f_ll(l)dt+ f:(—l)dt>

=3l rcof)

=%((1+1)+(—3+1))

_Z( -2)=0
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a, = —f x(t)Cos(nwyt)dt
t

T 0
2 (3 nmw
=ZJ._1x(t)Cos (Tt) dt
<f (1)Cos > dt+f( 1)605(2 )dt)
1 Sin(Tt) 1 Sin(Tt) 3
5\ nm - nm
5 -1 - I
5 (8) () _sn(5) i)
"2 3 - n
2 2

= a, = —Sin3 (7 =—=Sin3(mr) =—=(0)3=0
4 . ,(3m
= aj —QSm (7 =
_4 3 (4T _ 3 _ 3 _
=>a4—ESln (7 =-=Sin°(2r) =—=(0)°>=0
RY/4
(7

Similarly,

to+T
b, = 7_[ x(t)Sin(nwyt)dt
t

0

_ % j ’ x(t)Sin (% t) dt

-1

<j (1)Sln dt+j( 1)Sm(2 )dt>
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1 [ —Cos (nTEt) 1 Cos (nTH t) 3
= E BT — - nm
> -1 2 1
1[ —Cos (%) + Cos (— %) Cos (BnTn) — Cos (%)
=5 T + nw
> 2

= % —Cos (n7n) + Cos (ng) + Cos (?an) — Cos (%))

= % 4Cos? (Tl77'[) —3Cos (n;) — Cos (ng)>
= % 4Cos3 (?) —4Cos (?))
= %(Cos3 (?) — Cos (%))

:bl—% _COS(% 0-0=

= b, =0, for all values of n
We know the Trigonometric Fourier Series (TFS) expansion of a periodic signal x(t) is

= a0+ Y (ancos (30) +bosin (1))
n=1

Now substitute ao, an and bn in x(t)

T

Fourier Series and Fourier Transform

21 3n 41 51
x(t) = a,Cos (2 t) + a,Cos (7t> + a;Cos (7t> + a,Cos (7t> + asCos <7t> + -

4 T 2T 4 3T 1
x(t) = ;Cos (Et) + 0Cos (—t) ——~Cos (—t) + 0Cos (—t)

2 3 2 2 5t 2
(©) = 4 <C (n t) 1 c (Sn t> N 1 c (Sn t) 1 c (77r t) N )
x(t) = - 0S > 3 0S > z 0S > z 0S >

4 5t
+—~Cos (—t) + -
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(14.2) Determine the Trigonometric Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A

/—2 -1 0 72 t
-1

Given periodic signal x(t) over one period (-1, 1)
x(t)=t-1<t<1
Trigonometric Fourier Series (TFS) expansion of a periodic signal x(t) is

27t_27T

x(t) = ap + z(anCos(nwot) + bpSin(nw,t)), wy = T =5 =T

n=1

x(t) =ay + Z(anCos(nnt) + bnSin(nrtt))

n=1

where, ag, an, and by are coefficients of TFS

ap = Tf x(t)dt
t

0

1 1
== tdt
18
1 a
=5 (0),becausef x(t)dt = 0,if x(t)is odd
-a

=0

to+T
a, = ?j x(t)Cos(nwyt)dt
t

0

2 1
—f t Cos(nmt)dt
2)4

1 a
= j t Cos(nnt)dt,J x(t)dt = 0,if x(t)is odd
-1 -a

0
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b, = —f x(t)Sin(nwyt)dt
t

0

2 1
= —J. t Sin(nmt)dt
2)_4

a

= f tSin(mrt)dt,fa x(t)dt = 2f x(t)dt,if x(t)is even
-1 —a 0

1
= zf t Sin(nmt)dt
0
B —Cos(nmt) L —Cos(nmt)
= 2<tT‘fo mT‘“)
_, —tCos(nmt) Sin(nmt) 1
B ( () > 0
_ . (—Cos(nm) +0 Sin(nm) —0
_2< nm T2 >
(=D 0
B 2( — (nn)z)
— 2 1 n
= ——(-D
2 2
=b=-—(-1=—
b, = 2 1) = 2
= by = —ﬁ( ) = o
b; = 2 1) = 2
= b3 = —g(— ) = 37
b, = 2 1) = 2
= Dy = _E( ) = an

We know that the Trigonometric Fourier Series (TFS) expansion of a periodic signal x(t) is

x(6) = ag + Z(anCos(nnt) + bpSin(nnt))

n=1

Now substitute ao, an and bn in x(t)
x(t) = bySin(mt) + b,Sin(2mt) + b3Sin(3nt) + bySin(4nt) + bsSin(5nt) + -+

2 2 2 2 2
_ e R L A L ) + oo
x(t) nSm(nt) o Sin(2mt) + 3 Sin(3mt) pp Sin(4mt) + = Sin(5mt) +

2 1 1 1 1
x(©) =~ <Sin(nt) — 5 Sin(2t) + 2 Sin(3nt) - 7 Sin(4mt) + 2 Sin(5mt) + - )
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Fourier Series and Fourier Transform

(14.3) Determine the coefficients of exponential Fourier Series (Co & Cn) for a periodic signal

X(t) = t, over the range 0 < t <1 with a fundamental time period of T = 1.

Given
X(t)=t,0<t<1&T=1

2T

= ty=0,t+T=1T=1wy=—=2n

Coefficient of Exponential Fourier Series

1

to+T
CO = _.f X(t)dt
T to

1 1
=— | tdt
1 'f()

?|0

to+T '
C, = —f x(t)e /mWoldt
TJ;

0

1 1
= 1f te~ /2Tt

te—]Znn’t —JZnn't
dt
—]2n7r ,f ( ) (—j2nm)

te —j2nmt —j2nmt

 —j2nm (]27111)2 |0
e—jZnn -0 e—]ZnTc -1
—j2nm (j2nm)?
1
—j2nm
_

2nm
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Fourier Series and Fourier Transform

(14.4) Determine the coefficient of Exponential Fourier Series Cn for a continuous time

periodic signal x(t) = 1 — 2|t|, for|t| < 1.

21
Given to=—1,t, +T=1,T =2,w, =?=n
Coefficients of Exponential Fourier Series
1 t0+T
Co ==
o Tft x(t)dt
0
1! —t, t<0
_Ef_l(l—thI)dt, a={"7 3o
1 0 1
= E(j (1+ 2t)dt +j 1- 2t)dt>
-1 0
1 (t+t2)| 0 +(t—t2)|1
2 -1 0
1
=§(0+1—1+1—1—0)=O
to+T .
C, = —j x(t)e I"mtdt
T to

1t .
= —f (1 - 2|tDe~ /" dt
2 -1

1/° , 1 .
=5 <f (14 2t)e /™t dt +f (1- 2t)e‘f’””dt>
0
1 (1 + Zt)e jnmt Ze—jnnt 0 N 1 (1 _ Zt)e—jnnt Ze—jnnt |1
~2 —jnm C (nm)? ) |-1 7 2 —jnm (jnm)? /10
1 (14" _2(1- e/nm) + —e /M — 1 2(e7 /T — 1)
~2 —jnm (jnm)? 2 —jnm (jnm)?
1 (14" e/ 1 L1 2e /M — 2 — 2 + 2¢/)
"2 —jnm 2 (jnm)?
1 (2]Sm(nn)> <4Cos(nn) 4))
~2 —jnm 2 (jnm)?
_ 2( Cos(nm) — 1))
ST\ (nm?
— Cos(nm)
— N\ ez
_ {nznz , n:odd
0 n:even

)
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(14.5) Determine the Fourier Series coefficients an, bn and Cn of x(t) = 2Sin(wot).

We know the Trigonometric Fourier Series expansion of a periodic signal x(t) is
x(t) = ay + Z(anCos(nwot) + bpSin(nw,t))
n=1

= 2Sin(wyt) = ay + a;Cos(wyt) + by Sin(w,t) + -+
>ay=a,=0

2, n=1

= by = {0, oth

Coefficients of Exponential Fourier Series

C0:a0:0
a, —jb a, —jb
Cn="T]”=>Cl=lT]1=—
an + jby a, +jb, ,
_n=T: _1=T=

j, n=-1
= C, ={—j, n=
0, oth

(14.6) Determine the Fourier Series coefficients an, bn and Cn of
X(t)= 1+Sin(wot)+2Cos(wot)+ Cos(2wot+m/4).
We know the Trigonometric Fourier Series expansion of a periodic signal x(t) is

x(t) = ay + Z(anCos(nwot) + b, Sin(nw,t))

n=1

T
= 1+ Sin(wyt) + 2Cos(wyt) + Cos (ZWot + Z) =ay,+ Z(anCos(nwot) + bnSin(nwot))

n=1

1 1
= 1+ Sin(wyt) + 2Cos(wyt) + —=Cos(2w,t) — —=Sin(2w,t) =

V2 V2
ag + a,Cos(wyt) + b1 Sin(w,t) + a,Cos(2wyt) + b,Sin(2w,t)
= ao == 1,a1 = 2,a2 = %’bl == 1,b2 == _\/_15
1, n=0
2, n=1
=a 1 _
n \/_E' n=>2
0, oth
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1, n=1

1
ibn: _ﬁ' n=2
0, oth

Coefficients of Exponential Fourier Series

C0:a0:1
a, —jb a, —jb 2—j a, +jb 24
Cn=n2]n:>C1=12]1= 2]&6_1212]1= 2]
c _az_jbz_l/\/i_j(_l/\/i)_l"‘j & 4y +]'b2_1/\/§+]'(_1/\/§)_1_]'
2 2 2 W2 —2 2 2 242
(1, n=20
247
T]’ n:_l
2
T]’ n=1
Cn=<1—j ,
V2’ B
1+ )
—_—, n=
2v/2
\ 0, oth

(14.7) Determine the Fourier Series coefficients an, bn and Cn of

2m . (5w T
x(t) =2+ Cos(?t) + 4Sln<?t),w0 =3

We know the Trigonometric Fourier Series expansion of a periodic signal x(t) is
x(t) = ay + Z(anCos(nwot) + b, Sin(nw,t))

n=1

= 2+ Cos(2wyt) + 4Sin(5wyt) = ay + a,Cos(2wyt) + bsSin(5w,t)

$a0=2,a2=1,b5=4

2, n=20
:anz{l, n=2

0, oth
4, n=>5
= by = {O, oth
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Coefficients of Exponential Fourier Series

C0=a0=2
a, —jb
Cn: n 2 n
a,—jb, 1
C - a7
= G2 2 2
a,+jb, 1
C— - Py
= b2 2 2
as — jbs 4 .
5 5 2] J
iC_SZZJ
(i, n=20
l—, n=+2
c, =12
n 2j, mn=-=5
—2j, n=>5
0, oth

(14.8) Evaluate the signal x(t) such that
(i) x(t) is real and odd
(i) x(t) is periodic with a fundamental period of T=2

(iif) Fourier series coefficient Cn=0 for |n|>1

(V) 5 Jy 1x(®)2dt = 1.

We know the Trigonometric Fourier Series expansion of a periodic signal x(t)

x(t) =ay+ Z(an(]os(nwot) + bnSin(nWOt))

n=1

Given that the signal x(t) is odd
= x(t) = z b,Sin(nw,t)
n=1

= x(t) = b;Sin(w,t) + b,Sin(2w,t) + b3Sin(3w,t) + -+
Giventhat C,=0for |n|>1
= x(t) = b,;Sin(w,t)

Given that the signal x(t) is periodic with the time period T=2 =>wo=2n/T ==
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= x(t) = baSin(xt)

1 2
Given that Ef lx(®)|?dt = 1
0

2
:>f b, 2Sin?(mt)dt = 2
0
21— Cos(2mt
= b,* f #dt =2
0 2
Sin(Zrtt))
21
= b,*(2-0)=4

$b12=2

:>b12<t |§=4

=>b1=i\/z

Substitute by in x(t)
= x(t) = +V2Sin(nt)

(14.9) If the Trigonometric Fourier Series coefficients of x(t)=1+2Sint+3Cos2t are an and bn,
then find ao + a1 + b2.

We know the Trigonometric Fourier Series expansion of a periodic signal x(t) is

x(t) = ay + Z(anCos(nwot) + b, Sin(nw,t))
n=1

= 1+ 2Sin(t) + 3Cos(2t) = ag + by Sin(wyt) + a;Cos(2wot), w, = = = z—z =1

= 1+ 2Sin(t) + 3Cos(2t) = ay + b, Sin(t) + a,Cos(2t)
=>a0=1,b1=2&a2 :3
$a0+ a1+b2=1+0+0=1
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(14.10) Determine the numerical values ()T (ii)A, such that one of the component of x(t) is

Acos(3rt). Given that the complex exponential representation of a signal x(t) over the interval

0 3 .
(0,T) is x(t) = Z e

n=-—w

We know the Exponential Fourier Series (EFS) expansion of a periodic signal x(t) is

x(t) = Z C,e/™Wot

n=-—oo

]nnt C jnwgot
Z 4+(n7r)2 Z ¢

n=-—oo n=—oo

(i) Compare the phase
2t 27w
Swy=r=>T=—"=—=2
Wy T
(it) Compare the magnitude

3
= T e
Given that one of the component of x(t) is Acos(3xt)
= ACos(3mt) = ACos(3wyt) = a,Cos(nwt)
>n=3,A=a,=a3
2A=a,=C,+C_,=C3+C_,

3 3 3 3
> A=

6

A1 G 4+ (31?7 44972 T aton?

T4+ 912
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.11) Determine the coefficient of exponential Fourier Series Cn for a periodic signal x(t) =t

over the range 0 < t <1 with a fundamental time period of T = 1, hence obtain the summation

- 1
=
n=1
] 21
Given t, = 0, t0+T=1,T=1,w0=T=27t

Determine the coefficient of Exponential Fourier Series

Co==

to+T
t —jTlWotdt
T.ft x(t)e

0

1 1
= —f te~ /2t
1 0

te—janL't e—janrt 1
~ —j2nm (j2nm)2 10

e—j2nn -0 e—jZnTc -1

—j2nt (j2nm)?
—j2nt  2nm

C —1ft0+T tdt—lfltdt—t2|1—1_0—1
0=7),  HOd=T) == T3

Apply Parseval’s theorem to evaluate the summation

1 t0+T @ i
P=r| wOPd= Y 6P =t +2) 16
t n=1

0 n=—oo

zljlltlzdt=cz+2§:|L
1/, 0 12n7T
n:

2
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.12) Determine the Fourier Transform of unit impulse signal x(t) = &(t).

From the definition of Fourier Transform

FT[x(t)] = f_oox(t)e_j""tdt

= FT[6(t)] = f S(t)e Wtdt
Apply the property of impulse signal, 3(t)y(t) = 5(t)y(0)

= FT[6(t)] = fw6(t)e°dt
= jwcs(t)ldt

= j_ i(?(t)dt

Area under unit impulse signal 8(t) is ‘1’
= FT[6()] =X(w) =1
FT[5()] =X(w) =1

y N

1

0
Note: Impulse signal and DC signal (Constant signal) are Fourier transformable pairs.

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 39/78




Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.13) Determine the Fourier Transform of decaying exponential signal x(t) = e *u(t),a >
0. Hence obtain its magnitude and phase spectrum.

From the definition of Fourier Transform

FT[x(t)] = foox(t)e_j‘”tdt
= FT[e"*u(t)] = fooe_atu(t)e_j""tdt; u(t)=1,t>0

— f e—(a+]W)tdt
0

e—(a+jw)t o

—(a+jw) 0

e™® —¢f

—(a+jw)
0-1

—(a+jw)
1

~a +jw

= FT[e *u(t)] = X(w) =

a+jw
Frequency domain is complex, now determine its magnitude and phase
1
Magnitude Spectrum : |X(w)| =
a? + w?
X (w)l
y N
1/a
0 v
w w
Phase Spectrum : 2£X(w) = 2(1+j0) — z(a + jw) = 0 —tan™! (E) = —tan~! (E)
2X(w)
/2
> W
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.14) Determine the Fourier Transform of raising exponential signal x(t) = e*u(—t),a > 0.
Hence obtain its magnitude and phase spectrum.

From the definition of Fourier Transform
FT[x(t)] = f x(t)e Wtdt

= FT[e%u(-t)] = f eMu(—t)e Mtdt; u(—t) =1,t <0

0
yp—

ela—jwi| 0
a—jw |_.
00 — o=
T a—jw
1-0
:a—jw
1
=a—jw

= FT[e*u(-t)] = X(w) = 7w

Frequency domain is complex, now determine its magnitude and phase

1
Magnitude Spectrum : |[X(W)| = ———=
7 Va2 +w?
X (w)]
N
1/a
0 > W
-w w
Phase Spectrum : £X(w) = £(1+j0) — 2(a — jw) =0 —tan™? <_a ) =tan~! (E)
2X(w)
4
/2 S
> W
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Fourier Series and Fourier Transform

(14.15) Determine the Fourier Transform of double exponential signal x(t) = e~ a > 0.

From the definition of Fourier Transform
FT[x(t)] =.f x(t)e Wtdt
= FT[e~@lt] = f e~ dltlg—iwt gt
0 0
=f e‘a(‘t)e‘f""tdt+f e~ ®e-iwtge
—0 0
0 0
=f e“te_j‘”tdt+f e~ temivtgt
—o0 0

0 0
- j e@IWEdr + f e~ (@it gy
—00 0

ela—jwit| 0 e—(atjw)t |®

= +——
a—jw |_, —(a+jw)],
e —e™® e ® —¢g0

+

a—jw —(a+ jw)
1-0 0—-1

— + -
a—jw —(a+jw)

1 1

— + -
a—jw a+jw

_atjw+a—jw

~ (a—jw)(a+jw)
2a

@z w?

2a

— FT[e“”t'] = X(W) = m

FT[e~®t = X(w) = _a
a? + w?
A
2/a
> W
0
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Lt

—alt|
5 0 Sgn(t),a > 0.

(14.16) Find the Fourier Transform of a signal x(t) = Sgn(t) = a

From the definition of Fourier Transform

FT[x(t)] = .[_Oox(t)e_j""tdt

Lt -ay —alt] —jwt
= FT [a 508 Sgn(t)] a- 0 Sgn(t)e dt
_ Lt [T _a —jwt
=450 _we Sgn(t)e dt
e ([° *
= —a(-t)(_ —jwt —a(t) —jwt
4—0 <f_ e (—De dt +.L e (De dt)
— at —]wtdt +f e—ate—jwtdt
a— 0 0
= Lt ( e(a mtde + f e—(a+jw)tdt>
a—0 0
_ Lt _elewe s e—(a+jwyt |
a—-0 a—jw |_ —(a +]W)
_ Lt [ e°-e” e‘°° — e’
T a-0 —(a + jw)

o~
~

_ ( 1—0 0-1 )
S a-0\ a-—jw —(a+jw)

_ Lt < 1 )
a—->0\ a-— 'W a+jw
1

J J

2

jw

2

Magnitude Spectrum : |[X(w)| = |—| = |—|
jwl  lw

| X (w)

.

0

v
=
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(14.17) Determine the Fourier Transform of rectangular signal x(t) = Arect (%)

T T

t - —

We know, x(t) = A.rect (—) =A.Gr(t) = {A' 2 <t< 2
T .

0, Otherwise

X(t
A
A
>
-T/2 0 T/2
From the definition of Fourier Transform
FT[x(t)] =J x(t)e /Wdt
= FT [A t(t)] fooA t<t> —iwtdt
r == T =
ec T » ec T e
T/2 _
=.f Ae IWtdt
-T/2
e_th T/Z
= A—
IV T2
e—jWT/Z _ ejWT/Z
=A :
—jw
eij/Z _ e—ij/Z
-4 . 0J0 — o= — 2isi
W ;e e jSin(0)
v (WT
jw
., (wT ., (wT
B ZAS_ (wT) _ 24 wT Sin (T) B Sin (T) _ ars (wT)
w2 T w2 Tur T Tur T AL
_ 24 S (21TfT) _ A Sin(afT) _ATSin(nfT) AT T
= onf in|— =F in(nfT) = T inc(fT)

= FT [Arect (%)] = ATSinc(fT) = ATSa (WTT)

Note: Rectangular signal and Sinc or Sampling signals are Fourier transformable pairs.

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 44/78
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(14.18) Determine the Fourier Transform of triangular signal x(t) = A.tri (%)

o (4(1_2 T T

Weknow,x(t):A_tri(_)z{ ( —7|t|),—5<t<5
T .

0, other wise

X(t
A
A

v
—

-T/2 0 T/2

From the definition of Fourier Transform

FT[x(t)] =.f x(t)e Wtdt
:>FT[A t '(3)]—foo,4 t (E) —wtqe
.T‘lT —_OO.TlTe
T/2 2 .
=j A(l——ltl)e"f‘”tdt
-T/2 T
2 - T/2 2 -
—_ (- —-jw — — —-jw
1-2( t))e dt+jo (1 T(t))e dt)

2 . T/2 2 .
14— t> e IWtdt + f (1 — —t) e IWtdt )
T o T

2 e—jwt 2 e—jwt 0 2 e—jwt 2 e—jwt T/2
:A<(1+7t) —jw T (—jw)? _T/2+<1_7t) —jw +T(—jw)2 0
jwT jwT
1 2(1—eT> 1 2<e_T— 1)
i (St e e G R v
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

24 wT
= (2 — 2Cos —)

Tw? 2
44 wT i
= m(l — COST); 1 —Cos(0) = 2Sin“(6/2)
A o wT
= 7z (250 )

ns — = — = —

2 WL
8A  ,wl ATSIn"— AT 2<WT>

“Twet T T e 2 4
(7)
. o TfT
84 ] 227rfT 24 ] anT AT Sin —5 - AT 5 T
= Sin = in = = —>_Sinc (—)
T4m?f? 4 Tr?f? 2 2 (nfT 2 2
2

= rrlas _<t>]_ATS 2<WT>—ATS' 2(fT)
Arilz)| =5 Sat |\ ) = 5 Sine® (5

Note: Triangular signal and Sinc square or Sampling square signals are Fourier transformable pairs.

(14.19) Determine the Fourier Transform of rectangular signal x(t) = rect(2t)
We know that,

FT [Arect <%)] = ATSinc(fT) = ATSa (W7T>

Put, A=land T =1/2

1
FT[rect(2t)] = ESinc

Bt ysin(ah) sn(5)

2) = 2°\4) T2 a2 T af
(14.20) Determine the Fourier Transform of rectangular signal x(t) = rect(t/2)
We know that,
t wT
FT [Arect (T)] = ATSinc(fT) = ATSa (T)
Put, A=land T=2

FT [rect (%)] = 2Sinc(2f) = 2Sa(w)
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.21) Determine the Fourier Transform of a Gaussian pulse (signal) x(t) = e’ k>0

From the definition of Fourier Transform
FT[x(2)] =f x(t)e /Wdt
= FT[e_ktz] =f e kt*g=iwt gt

= f e~ KC+IWO gt kt2 + jwt = a? + 2ab = a? + 2ab + b® — b%,a = Vkt, 2ab = jwt

f (\/—t)2+2(\/—t)(jw) (21:7_)2 (Zj%)z>dt,b _jwt _jwt_jw

2a  2vkt 2k
=jooe \/_H_]W (Zj\‘;v_)d
0 2
=e(]T—) f (\/—HZ\/_) dt, \/_t+——‘r:>\/—dt—d‘r
. 2vVk

= e_‘:tv_ljfw e ™ (E)
—o Vk
1 2 0 5
=— ¢ 4k e Udt
7w
1 _w?
=7 e 4k (\m)
i
= e “ak
2f2
zFT[e"“]—Ie K _\/7

Note:

g

> If k =m then FT[e™™"] = e=/*

» Fourier Transform of a Gaussian pulse is Gaussian pulse only.

(14.22) Find G(0), such that FT[g(t)]=G(f), where g(t) is Gaussian pulse g(t) = e’ k> 0.
TL'ZfZ
k

We know that, FT[g(t)] = G(f) = FT[e‘ktz] = \/ge_

= G(0) =\/§e‘° = \/g
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.23) Find the constant k, such that dif G(f) = —afG(f), where G(f) is the Fourier Transform

of the Gaussian pulse g(t) = e ¥ k > 0.

n.ZfZ

FT[g(®)] = G(f) = FT[e "] =\/§e_ k

d T _mft( mi2f
P R

22
> s = 6 (-7)

2m? 2m?
sa=—>>k=—
k a
(14.24) Find the Fourier Transform of x(t)
X(t)
A
2
__1_ —— —

FT[x()] = ij(t)e‘f‘”tdt

-1 1 2
=] le‘thdt+f Ze‘thdt+J le /Wit
-2

-1 1

e—jwt 1 e—jwt 1 e—jwt 2
Rt

—jw =2 —jw I-1 " —jw 11

eV —el2W 4+ 2(e7IW — /W) + eIV — g IW
= —

—e/W + eJ2W — 2e7IV 4 2e/W — @7I2W 4 g7 IV
= o

ejw _ e—jw + ejZW _ e—j2w

jw
_2jSin(w) + 2jSin(2w) _ 2(Sin(w) + Sin(2w))
B jw B w

Sin(w Sin(2w
_,Sinw) _, Sin(2w)

” T 2Sa(w) + 4Sa(2w)

v
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Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(14.25) Determine the Fourier Transform of a signal x(t) = 26(t) — 3e~?tu(t).
FT[x(t)] = FT[26(t) — 3e 2tu(t)]

= 2FT[6(t)] — 3FT[e 2*u(t); FT[6(t)] = 1 & FT[e~*u(t)] =

a+jw
=2(1 —3( - )
@ 2+ jw
_ 3
B 2+ jw
_4+j2w-3
24w
142w
T2+ jw
1+j2w
= FT[x(t)] = FT[26(¢t) — 3e*'u(t)] =
(0] = FT[26(0) = 3¢~ u(D)] = 5
y tude Spect X)) = 12+ (2w)? |14 4w?
agnitude Spectrum : w)| = Trwl - | AT w?
Phase Spectrum :
2w —Y 3
w A w
2X(w) =tan"!(2w) —tan"!(=) =tan"!| ———=—~ | =tan™! (—)
(2) 1+2w(3) 2(1+w?)

. etermine tne Fourier Transform o asignal x(t) = 3e “"u(t) — 2e’"u(—t
(14.26) D ine the Fourier Transf fasignal x(t) = 3e~2tu(t) — 2e3tu(—t)

FT[x(t)] = FT[3e % u(t) — 2e3tu(—t)]

= 3FT[e ?*u(t)] — 2FT[e3'u(—t)], FT[e~*u(t)] =

=3(2+1jw)_2(3—1jw>

3 2
C2+jw  3—jw

& FT[e*u(—t)] =
a+jw le®u(=0)] a—jw

_9—j3w—4—j2w
2+ jw)B—jw)
B 5—j5w
2w —jw)
_ S0 —jw)

C 2+ jw)B - jw)

. 5(1 —jw)
o FT[x()] = FT[3e~2u(t) — 2eu(—t)] = 2+ jw)(3 — jw)
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1+ w2
4+ w2)(9 +w?)

Magnitude Spectrum : |X(w)| = 5\/
Phase Spectrum :

2£X(w) = tan~!(-w) —tan™! (g) —tan™? (%) = —tan"}(w) — tan~! (%) + tan~! (g)

(14.27) Determine the Fourier Transform of a signal y(t) = 3e %'u(t — 9).

We know that, FT[e~*u(t)] =

a+jw

= FT[e ?tu(t)] =

2+ jw
Apply time shifting property, FT[x(t — ty)] = e /Wb X(w)
. 1
= FT|e 2 Du(t — 9)| = e /WO
) = e
e—j9w
= FT[e ?telBu(t —9)] =
o™ u(t ~ 9)] = 5
e—JoW 18
= FTle ?'u(t —9)] = ——
[e™*u(t —9)] 25w
e—9(2+jw)
= FT[3e *u(t—9)] = FT[y(t)] = ———
[Be~u(t = 9] = FTY(O] = 5~

(14.28) Determine the Fourier Transform of a signal y(t) = e/*tx(t), given x(t) = e 3Il.

FT[y(t)] = FT[e/*x(t)]; FT[e/"otx()] = X(Ww — wy)

2X%X3 6

= X(w —4); X(w) = FT[x(t)] = FT[e~3l] = Tgr Aak-srew

6
T 9+ (w—4)?

6

“9+w2+16- 8w

6
~ W2 —8w+ 25
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(14.29) Determine the Fourier Transform of a signal y(t) = e/*'x(t), given x(t) = 3e~* u(t).
FTly(©)] = FT[e/*x(t)]; FT[e/"otx(t)] = X(w — wy)

= X(w — 4); X(w) = FT[x(t)] = FT[3e % u(t)] =

2+ jw
3
T 2+jw-4)
(14.30) Determine the Fourier Transform of a signal y(t) = e %!Cos(4t)u(t).
FT[y(t)] = FT[e ?'Cos(4t)u(t)]
pJ4t 4 g—jst

=FT |e™% Tu(t)

= %FT[ef‘”e‘Ztu(t) + e e ~2ty(t)]; let e u(t) = x(t)
= %FT[ef‘“x(t) + e X (D)]; FT[e/"otx ()] = X(w — wy)

= %FT[X(W - +X(w+DHX(w) =

2+ jw

=l< 1 N 1 )
2\24+jw—4) 24+jw+4)
24+ jw+ ) +2+j(w—4)
22+ jw—9)(2+jw+4)
_ 4 + j2w
_2(4—(w—4)(w+4)+j2(w+4+w—4))
B 2(2 +jw)

2(4 — (W2 — 16) + j2(2w))

2 +jw

~ 20— w2 + jaw

(14.31) Find the Fourier Transform of a signal y(t) = x(t) + x(—t), given x(t) = e 3tu(t).
FT[y(®)] = FT[x(t) + x(—t)]
= FT[x(t)] + FT[x(—t)]

= X(w) + X(-w); X(w) = FT[x()] = FT[e™*u(®)] = 3=

1 1

=E’>+jw+3—jw
3—jw+3+jw 6

T G+w)B—jw) 9+ w?

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 51/78




Signals and Systems-23EC02 UNIT-II

Fourier Series and Fourier Transform

(14.32) If x(t) is real signal and FT[x(t)]=X(w), then show that
(@)X*(w) = X(—w) (b)X.(w) = ReP{X(W)} ()X, (W) = jImP{X(w)}

(a) From the conjugate property of Fourier Transform

FT[x*(t)] = X*(—w); if x(t)is real then x*(t) = x(t)

= FT[x(t)] = X*(—w)
=>X(w) =X*(—w)
=>X"(w) =X(—w)

(b) Even part of x(t) can be computed from

xe(t) — w

= FT[x,(t)] = FT [W]
FT[x(t)] + FT[x(—-t)]
_X w) +X (Z—W)

_X (w) +2X "(w)

= ReP{XiW)}

= X, (w) =

(¢) 0dd part of x(t) can be computed from

x,(t) = M
= FT[x,(t)] = FT Ml
LX) FT[x(t)] —ZFT[x(—t)]
_X(w) —X(—w)
B 2
B X(w) —X*(w)
B 2
= jImP{X(w)}
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(14.33) Determine the Fourier Transform of y(t) = x(2t-6), given that FT[x(t)]=X(w).

FT[y(®)] = FT[x(2t — 6)]
= FT[x(2(t — 3))]; time shifting property FT[x(t- to) ] = e /" X(w)

. 1 w
= e /3 FT[x(2t)]; time scaling property FT[x(at)] = —X (—)

lal " \a
- (3 ()

S

(14.34) Determine the Fourier Transform of y(t) = x(2t+6) + x(2t-6)
FT[y(t)] = FT[x(2t + 6) + x(2t — 6)]
= FT[x(2(t + 3)) + x(2(t — 3))]
= /3% FT[x(2t)] + e 3Y FT[x(2t)]

o (b 1) e e (3 43)

=z x (D) zevx(3)
j3w+ —j3w

-—5— )

= Cos(3w) X (g)

(14.35) Determine the Fourier Transform of y(t) = x(2t+6) - x(2t-6)
FT[y(t)] = FT[x(2t + 6) — x(2t — 6)]

FT[x(2(t +3)) — x(2(t - 3))]

= /3% FT[x(2t)] — e 3Y FT[x(2t)]

-y 1) - 1)
=3 () -3 )
. ej3w_e—j3w

=Jz—jx(%)

— jSin(3w) X (%)
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(214.36) Determine the Fourier Transform of y(t) = x(2t+3) + x(2t-3) + x(-2t+3) + x(-2t-3),
given FT[x(t)]=X(w).

FT[y(t)] = FT[x(2t + 3) + x(2t—3) + x(—2t+ 3) + x(—2t — 3)]

:FTH )<l )

Y FT[x(20] + e /2% FT[x(20)] + e /2" FT[x(=20)] + e/2" FT[x(=20)]

_ﬁw(%x(%))+e‘f%W<%X<%>)+e‘f%””<%x(—%>>“f%””@’((%))
ef% +e_’% w ej%W"'e_j%W w
-—— G ——F—x(-3)

(14.37) Determine the Fourier Transform of y(t) = x(2t+6)+x(2t-6), given x(t) = e 3!,

FT[y(t)] = FT[x(2t + 6) + x(2t — 6)]
FT[x(2(t +3)) + x(2(t — 3))]
= e/3W FT[x(2t)] + e /3Y FT[x(2t)]

_ i (; X (%)) Y (g X (%))

= %eBWX(g) +le‘j3WX(%)

i3w —j3w
= % x(g); X(w) = FT[x(t)] = FT[e~311] =

2X%X3 _ 6
32+ w2 94 w2

6
oS W9+(%>2
6 X4

= Cos(3W) —————
os( W)9X4+W2

= mCOS(SW)
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(14.38) Determine the Fourier Transform of a signal x(t) = 2e 3tu(t) * 3e~**u(t)
FT[x(t)] = FT[2e~3'u(t) * 3e~2tu(t)]
= FT[2e 3%u(t)] FT[3e 2 u(t)]

= 2FT[e 3tu(t)]3FT[e **u(t)]; FT[e “u(t)] =

-2 (o)
T B +jw 2+ jw

a+jw

6
B+ jw)(2+jw)
B 6

6 — w2+ j5w

(14.39) Determine the Fourier Transform of a signal y(t)=x(t)*x(-t), given x(t) = 2e~3tu(t)

FT[y(®)] = FT[x(t) * x(=t)]
= FT[x(O)] FT[x(=t)]

= X(W)X(—w); where,X(w) = FT[x(t)] = FT[2e 3tu(t)] =

- (3 -I-zjw) (3 —zjw)

4
9 + w?

3+ jw

(14.40) Determine X1(w)*Xz(w), such that x,(t) = 2e3tu(t) and x,(t) = 3e ' u(t)
X1(w) * Xo(w)

From frequency convolution theorem, FT[x,(t)x,(t)] = o

= X1(W) * Xp(w) = 21FT [x1(£)x2(8)]
= 2nFT[2e 3tu(t)3e %tu(t)]
= 2nFT[6e > u(t)]
= 12nFT[e > u(t)]

=12n(557;)
B 7T5+jw
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(14.41) Determine the Fourier Transform of a signal y(t) = %x(t),given x(t) = 2e73tu(t)

Friy®] = Fr [Zx(0)]
= jw FT[x(8)]
= jw FT[2e3'u(t)]
= j2w FT[e 3'u(t)]

1
=7 (555)
Jew 3+ jw
Jj2w
3+ jw

(14.42) Determine the Fourier Transform of a signal y(t) = te™3%u(t)
FT[y(t)] = FT[te 3tu(t)]; let e 3tu(t) = x(t)
= FT[tx(t)]

. _ _
= J gy X X(w) = FTx(0)] = FTle™u®)] = 3 —

= 255 )
_]dw3+jw

- ((3 +_]W)2 (]))

1
T B+ jw)?

1
T9-wZ+j6w

(14.43) Determine the Fourier Transform of a signal y(t) = t?e~3'u(t)
FT[y(t)] = FT[t?e>*u(t)]
= FT[t.te 3tu(t)]; let te 3tu(t) = x(t)
= FT[tx(t)]

ZjiX(W);X(W) = FT[x(t)] = FT[te 3tu(t)] =

dw B+ jw)?

=f%(ﬁ)

(-2
=f(m°>)

_ 2
- (3+jw)3
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(14.44) Determine the Fourier Transform of a signal y(t) = t3e3tu(t)
FT[y(t)] = FT[t?e~>*u(t)]
= FT[t.t2e 3%u(t)]; Let t?e~3tu(t) = x(t)
= FT[tx(t)]

. d . = 2 -3t (3 + iw)3
= J g KW XW) = FT[x(0)] = FTIt%e ™ u®)] = 5=

=f%(<3+zw)

[ 2(=3) .
((3 +jw)* (1)>

_ 6
B+ jw)t

(14.45) Find the Fourier Transform of x(t) = 1
We know that, FT[6(t)] =
Apply duality property,if FT[x(t)] = X(w), then FT[X(t)] = 2nx(—w)

= FT[1] = 2n6(—w)
= 2nd(w)

(14.46) Find the Fourier Transform of x(t) = u(t)
1+ Sgn(t)]

FT[u(t)] = FT [
=5 [FT[l] + FT[Sgn(D]]; FT[1] = 2r8(w) & FT[Sgn(t)] = —

= % [2n6(w) +]iw]

1
=no(w) + —
jw

(14.47) Find the Fourier Transform of x(t) = e/*ot
FT[e/Wot] = FT[e/"0t. 1]; use frequency shifting property, FT[e/Vo!. x(t)] = X(w — wy)
= X(w — wy); where X(w) = FT[x(t)] = FT[1] = 2n6(w)
=215 (w — wy)
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(14.48) Find the Fourier Transform of x(t) = e /%ot
FT[e™/ot] = FT[e /%0t 1]; use frequency shifting property, FT[e/"o!. x(t)] = X (w — wy)
= X(w + wy); where X(w) = FT[x(t)] = FT[1] = 2n6(w)
=2n5(w + wy)

(14.49) Find the Fourier Transform of x(t) = Cos(wyt)
ejWOt + e_jWOt
]

FT[Cos(wyt)] = FT[
= %(FT[ejWot] + FT[e—jWot]); use FT[ejwot] — 27'[6(W . W())

= %(ZES(W — wp) + 28 (W + wy))

= n(é(w +wy) +5(w — WO))

(14.50) Find the Fourier Transform of x(t) = Sin(wyt)

ejWOt — e_jWOt
FT[Sin(wyt)] = FTI l

2j

_ zlj(FT[ejwot] — FT[e™/"ot]); FT[e/*o!] = 216 (w — wo)
1

= 57 (26w — o) = 2m8(w +wy))

= jr(6(w + wp) — 5(w — wy))

(14.51) Find the Fourier Transform of x(t) = Cos(wot)u(t)
Jwot 4 p—jwot

FT[Cos(wot)u(t)] = FT 5

u(t)

1 . .
=5 (FT[e/™otu(t)| + FT[e /"otu(t)])
Apply frequency shifting property, FT[ejWOt. x(t)] =X(w—wp)

1 1
= E(X(W —wy) +X(w + WO));X(W) = FT[u(t)] = né6(w) +jW

_ %((n6(w — W) +1(w+wo)) + (mS(w + wp) +](W+WO)>>
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—ﬂ(é( +wg) + 6( ))+1( L, )
) W+ Wo W= Wo 2]\w—wy w+w,

T 1 2w
= E((S(W + WO) + 6(W - WO)) +Z<m>
jw

=%(6(w+wo) +8(w —w,)) _m

(14.52) Find the Fourier Transform of x(t) = Sin(wyt)u(t)
Jwot _ o—jwot

FT[Sin(wyt)u(t)] = FT 2]

u(t)l

1 . )
=3 (FT[e/otu(t)| — FT[e /"otu(t)])
Apply frequency shifting property, FT[e/Wo!. x(£)] = X(w — wy)

= Zij(X(w —wp) = X(W +wp)); X(W) = FT[u(t)] = né(w) +jiw

=le<<n6(w—wo) +j(w+w0)> - (ﬂ5(W+W0) +j(w+wo)))

__n(a( )6(+))+1<1 1)
B ]2 W Wo W 2j.j\w—=wy  w+w,

1 2
=J%(5(W+Wo) —6(W—W0)) _E<FWOVI/§>

Wo

=j%(5(W+W0)—6(W—WO))—FWO2

(14.53) Find the Fourier Transform of x(t) = %
2
We know that, FT[Sgn(t)] = ]W
Apply duality property,if FT[x(t)] = X(w), then FT[X(t)] = 2nx(—w)

2
= FT []_t] = 2nSgn(—w)

> FT [%] = %(—ZHSgn(W))

= —jrSgn(w)
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1
1+j2mt

(14.54) Find the Fourier Transform of x(t) =

1 1
a+jw a+j2nf

We know that, FT[e~*u(t)] =
a=1>= FT[e_tu(t)] = m
Apply duality property,if FT[x(t)] = X(f),then FT[X(t)] = x(—f)

1
— | == EDyu(=~f = e yu(—
:>FT[1+j2nt] e u=f) = elu=1)
(14.55) Find the Fourier Transform of x(t) = Sa(t)

t wT
We know that, FT [Arect (T)] = ATSa (7)

Apply duality property,if FT[x(t)] = X(w), then FT[X(t)] = 2nx(—w)
Fr [arsa (D) = 2rarect (22
= [ a <7)] = 2mArect (T)

T =2 = FT[2Sa(t)] = 2mrect (g)

w

= FT[Sa(t)] = nrect (E)

(14.56) Find the Fourier Transform of x(t) = Sinc (é)
t :

We know that, FT [Arect (;)] = ATSinc(fT)

Apply duality property,if FT[x(t)] = X(f),then FT[X(t)] = x(—f)

= FT[ATSinc(tT)] = Arect (_Tf)

=3 s (9] e (]

= FT [Sinc <%)] = 2rect(2f)

(14.57) Find the Fourier Transform of x(t) = #
2a

aZz+w?

Apply duality property,if FT[x(t)] = X(w),then FT[X(t)] = 2nx(—w)

We know that, FT[e~ ] =

® 1= 2me~ 4V Ifa=1
2] LT

1+ tz] = me™"!
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1
a?+¢2

(14.58) Find the Fourier Transform of x(t) =

2a
a? + w2

Apply duality property,if FT[x(t)] = X(w), then FT[X(t)] = 2nx(—w)

We know that, FT[e~ ] =

2a
= FT [—] = 2meal-Wl
a? + t2

1 T
= FT[ ] = —egalvl
a? + t2 a

. . 36
(14.59) Find the Fourier Transform of x(t) = o) (9142
36
x(t) =
(4 4+ 9t2?)(9 + 4t?)
B 1
B 4 2 9 2
(5+2)(z+2)
A B Ao 1 _36&3_ 1 36
L9 AT AT T 97 s
9 4 4 9 9 4
_ 36 1 1
_E 2 - 2
B e ) ve
FT[ (t)] = 36 FT FT 1 FT[ 1 ] — —alw|
=75 2, 3\, ., yuse 2+e2] " af
2) +¢ (7) +t
36| T
_ 2 25wl 5wl
_6 ze3 §e
3 2
36m (3 2 _3
—3lwl —5lw|
= — = 3 —_—— 2
5 \2° 3° )
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(14.60) Verify the Parsevall’s theorem for a signal, x(t) = 3e %‘u(t)

We know that, FT[x(t)] = X(w) = FT[3e *u(t)] = 2T w

o0 1 o0
Parsevall’s Theorem,E = f | x(¢) |2dt = E,f | X(w) |? dw

0 0 —4t 9
:>LHS=J. |3e‘2tu(t)|2dt=f 9e~Hdt =9 =-
RHS ’ L 9 dw f d
= =5 S
2+]w 2m)_ 4+ w? 22+W2 v
91 wl® 9 9 m m 9 9
= Ztan~l— =~ (tan~! oo — tan~1(— - 2 (2 Y= =2
22 2‘_ (o —tan i) = (G4 7) = =g

(14.61) Evaluate the Fourier Transform of a periodic train of impulse

x(t) = z §(t—nTs)=-+8t+2Ts)+6({t+Ts)+6()+65(t—Ts)+6(t—2Ts) + -

n=-—ow

x[(t)
....... -4Ts -3Ts -2Ts Ts| 0 | Ts 2Ts 3Ts 4Ts ... t
o
I |
«——»>
-Ts/l2 Tsl2

Fourier Transform of above periodic signal can be computed from the formula

21
FT[x(t)] = 2m Z Ch6(w — nwy),wy = Te = 2nfy = wg

Nn=-—o

FT[x(t)] = 2m Z Cré6(w — nwy)

n=—ow
Where
1 t0+T .
C, = Tf x(t)e T™Woldt, x(t) = 6(t) and T = Ts
to
Ts/2 ]
§(t)e I™otdt, we know that §(t)x(t) = §(t)x(0)
Ts ) _rs
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Ts/2
5(t)edt
Ts ) _rs/,

Ts/2
= —f S(t)dt

Ts/2

Ts

o]

= FT[x(t)] = 2n Z TLSS(W — nwg)

Nn=-—oo

= FT[x(t)] = ZS(W nWs)—IZZ5(f "fs)—T Z f_%)

n=-—oo n=—wo n=—owo

(14.62) Evaluate the Fourier Transform of a periodic signal x(t) = Cos(wot).

We know the Fourier Series representation of periodic signal

x(t) = z C,e/™Wot

n=—ow
= Cos(Wyt) = ...+ C_pe™12Wot + C_ e /Wl 4 Cy + Cie/Wot + C,e/2Wot + ...
eIWol 4 g=JWol 1

= =—e JWolt 4 — ! e/Wot = C_ e /Wot + C,e/Wot
2 2 2

1 1
=>C_ 4= E’Cl = 2 and C,, = 0, other wise

Fourier Transform of a periodic signal can be computed from the formula

FT[x(t)] = 2m Z Cpd(w —nwy)

Nn=-—oo

= FT[Cos(wyt)] = 21 Z Cr6(w — nwy)

n=-—owo
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= 21(C_18(w + wo) + C15(W — wy))
=27 (%5(W + wy) + %5(W - Wo))

= 7'[(5(W +wy) +(w— Wo))
= FT[Cos(wot)] = (8w + wg) + S(w — wy))

(14.63) Evaluate the Fourier Transform of a periodic signal x(t) = Sin(wot).

We know the Fourier Series representation of periodic signal

x(t) = Z Cpe/™Wot

n=-o
e/Wot —g=jwot 1 1 . . .
= Sin(wyt) = , = j—e Wl — j—eIWol = (C_ e /W0l 4 (C,e/Wot
2j 2 2
1 1 :
=C_; =]§,C1 = _JE and C, = 0, other wise

Fourier Transform of a periodic signal can be computed from the formula

FT[x(t)] = 2m z Ché6(w — nwy)

n=-w

= FT[Sin(wot)] = 21 z C.6(w — nwg)

n=-w

= Zn(C_16(W +wp) + € 6(w — WO))
1 1

= jr(8(w + wo) — 8w — wy))
= FT[Sin(wot)] = jr(§(w + wp) — 8(w — wy))
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(14.64) Determine the Inverse Fourier Transform of rectangular function X(w) = Arect (%)

w A-1<w<l1
We know, X(w) = A.rect (5) = { 0, Otherwise

X(w)
AA

v
=

-1 0 1

From the definition of Inverse Fourier Transform

1 ([~ .
IFT[X(W)] = %f_ X(w)e!"tdw

= IFT [Arect (g)] = %j-w Arect (g) e/Vtdw

1
= f AelVWtdw
-1

1

jt
2 2jSL:n(t)
Jjt
Sin(t)
t
= 24Sa(t)

=24

= IFT [Arect (g)] = 24Sa(t)

Note: Rectangular signal and Sampling signals are Fourier transformable pairs.
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15. Assignment Questions
1. Determine the Trigonometric Fourier Series expansion of a periodic signal x(t) as shown
X(t)

A

1

v

4_____
T=4

N 2

2. Determine the Trigonometric Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A

/
I\
/
N\

3. Determine the Exponential Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A
") 3 2 1 o 1 2 3 4 1
e -
! T=4 !
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4. Determine the Exponential Fourier Series representation for a continuous time periodic

signal x(t) = 1 — 2|¢t|, for|t| < 1.

5. Determine the Exponential Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A
3 2 1 0 1 2 3 >t
- —
| T=2 |

6. Determine the Exponential Fourier Series expansion of a periodic signal x(t) as shown

X(t)
A
/)/1
3 2 X) 0 1 2 3 >t
|
|
|
]
|
|
I
—— >
| T=1]

7. Evaluate the Fourier Transform of following aperiodic signals
Q) x(t)) =6+ +26(t)+5(t—-1)
b) x(t) = 2e"2t+2)y(t — 2)
c) x(t) = e 2It-2l

d) x(t) = = (-2 — ) +u(t — 2))

&) x(t) == (52t —3))
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8. Evaluate the Fourier Transform of the following periodic signals
a) x(t) = Sin(2nt + g)
b) x(t) =1+ Cos(6mt + g)
C) x(t) = 3Sin?(2nt) + 2Sin*(mt)
d) x(t) = Sin®(nt)

9. Evaluate the Fourier Transform of the following waveforms

a) x(t)
X(t)

v

P-4

b) y(®)

v

Nob—-—
1
=l
o
Pl—-——
N
w
SN
—

4 3 -

10. Evaluate the Inverse Fourier Transform of following aperiodic signals
Q) X(w)=1
b) X(w) =2n6(w) + nd(w — 4m) + nd(w + 4m)

11. Let x(t) be a signal whose Fourier Tansform is X(w) = §(w) + é(w — ) + §(w — 5)
and let h(t) = u(t) —u(t—2)
a) Is x(t) periodic?
b) Is h(t) periodic?
c) Isx(t)*h(t) periodic
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12. Given the relationships y(t) = x(t) * h(t) and g(t) = x(3t) * h(3t)
a) Obtain the relation between y(t) and g(t)
b) If the above relation is g(t)=Ay(kt), then find constants A and k.

13. Use appropriate properties to find Fourier Transform of
a) x(t) = teltl

b) x(t) = ———

(1+t2)2

14. Evaluate the Inverse Fourier Transform of following aperiodic signals
(1, w1
2) X(w) = {0, w| > 1
2, o<s<wg?2
b) X(W)Z{—Z, -2<w<0
0, | w| > 2

15.Given signal

( 1

0, t< —=

2
x(t) = t+1 1<t<1
2’ 2° 772

1

a) Determine X(w) = FT[x(t)]

b) What is the Fourier Transform of y(t) = x(t) —%
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16. Quiz Questions
(1) What is the expression for trigonometric Fourier series for x(t)?
(A) x(t) = ag + X p-1[anCos(nwyt) + b,Sin (nwyt)]
(B) x(t) = 7=, C &"0"
(C) BothAand B
(D) None the above

(2) What is the expression for Exponential Fourier series for x(t)?
(A) x(t) = ag + X ,-1[anCos(wgnt) + b,Sin (wont)
(B) x(t) = Y= Cp &/"0"
(C) Both Aand B
(D) None the above

(3) The effect of Gibb’s phenomenon is getting__ during the approximation of one signal
with more no of orthogonal signals.

(A) Oscillations in pass band

(B) Oscillations in stop band

(C) Discontinuities at various time instants

(D) All the above

(4) What is the expression for exponential Fourier series coefficient?

(A) € = [ x(t)eTmwotdt

to
(B) Co =1 [, x(t)e/motat

2 (to+T —inwnt
Qc¢, = Ffto x(t)e Inwot gt
(D)C, = %ft?”x(t)ejnw"tdt
(5) What is the expression for trigonometric Fourier series coefficient a,,?
(A a, = %f;"”x(t) cos(nwyt)dt
(B) a, = ;f:o"”x(t) cos(nwyt)dt
(Can=- ft"'o‘)”x(t) sin(nwyt)dt

(D) a, = %f;"”x(t) sin(nwyt)dt

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 70/78




Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(6) What is the expression for trigonometric Fourier series coefficient b,,?

(A) b, = %ftto"” x(t) cos(nwyt)dt

(B) b,, = ;f:o"”x(t) cos(nwyt)dt
(C) by =1 ft?”x(t) sin(nwyt)dt
(D) by == ftfj”x(t) sin(nwyt)dt

(7) What is the expression for trigonometric Fourier series coefficient ay?

(A ap == [ x(t)dt

to

1 (to+T
(B)ag = ;ftoo x(t)dt

(C)ap== fttOOJrTx(t) sin(nwyt)dt

(D) ap = %ftto"”x(t) cos(nwyt)dt

(8) Which condition comes under existence of Fourier series?
(A) Over any period T, the signal x(t) is absolutely integrable, fOTlx(t)ldt < o
(B) In any finite interval of time, the signal x(t) has only finite number of discontinuities.
Furthermore, each of these discontinuities must be finite.
(C) In any finite interval of time, the signal x(t) has only finite number of maxima and
minima.
(D) All the above

(9) How to represent C,,in terms of b,, and a,,?
(A) €, = 2

an+jby

(B) G, = 2

(C) Cy = =2

(D) €, = =~

(10) How to represent a,,in terms of C,,?
(A)a, =Cy +Cy
(B)a,=C, - C_,
(C) an =j(C+Cp)
(D) an, =j(Cn — C-p)
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(11) How to represent b, in terms of C,,?
(A) by =Cr +Cpy
(B)by=Cn—C_,

(C) by = j(Cr + C_p)
(D) by, = j(Cp = C_p)

(12) Choose the correct symmetry condition with respect to Trigonometric Fourier series
(A) Odd signals have only sine terms
(B) Even signals have no sine terms
(C) Signals with half wave symmetry have only odd harmonics
(D) All the above

(13) Power spectrum is drawn between
(A) [Chl Vs w = nw,
(B) |C,|? Vs w = nw,
©) |Gl Vst
(D) ICal? Vst

(14) How the average power of a periodic signal can be computed from the coefficients of

exponential Fourier series
(A) P =S| Cy”|
(B) P =237 o|Cp’l
© P =|c’|
(D) P = 2|C,?|

If the Exponential and Trigonometric Fourier Series coefficients of x(t)=1+3Sin(2t)+2Cos3t

are Cn, an and bn, then

(15) Find ao + Co
(A1l (B)2 ©3 (D) 4

(16) Find b1, bz, bs
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(A)0,3,0 (B) 3,0,0 (©)0,0,3 (D) 0,3,2
(17) Find as, a2, as

(A)0,3,2 (B) 2,0,0 (©)0,2,0 (D) 0,0,2
(18) Find C1 + Ca

(A)1 (B)2 €3 (D)0
(19) Find C2 + C=2

(A)1 (B)2 ©3 (D)0
(20) Find C3 + C=

(A)1 (B)2 ©3 (D)0
(21) Find C1Ca

(A1 (B) 2 ©)3 (D)0
(22) Find 4C2C-2

(A)8 (B)6 €3 (D)9
(23) Find C3C-3

(A)1 (B)2 ©3 (D)0
(24) FindC1+C1+ C2+C2+C3+Cz

(A)1 (B)2 ©3 (D)0
(25) Find the average power of x(t)

(A) 15 (B) 15/2 (C) 972 (D)9
(26) Fourier transform is applicable to

(A) Periodic Signals

(B) Aperiodic Signals

(C)BothA&B

(D) None of the above
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(27) The Fourier transform of a real valued signals has
(A) Odd Symmetry

(B) Even Symmetry

(C) Conjugate Symmetry

(D) Conjugate Anti Symmetry

(28) The Fourier transform of a Gaussian signal is
(A) Triangular signal

(B) Sampling signal

(C) Rectangular signal

(D) Gaussian signal

(29) The Fourier transform of a aperiodic signal x(t) can be obtained from
(A) X(w) = [~ x(t)e7etdt

(B) X(f) = [~ x(ye > dt

C) X(w) = [~ x(t)e/*tdt

(D) Both (A) and (B)

(30) The Inverse Fourier transform is defined by
(A) x(t) = - [~ X(w)e/**dw

(B) x(t) = [_ X()e*™Itdf

© x(t) = 5[~ X(w)eT*tdw

(D) Both (A) and (B)

(31) The Fourier transform of a unit impulse signal a(t) is
1

(A) -

(B) 216 (w)

©)1

(4) 6(w)
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(32) The Fourier transform of a DC Signal x(t) =1 is
1

(A) -

(B) 2é(w)

(C) 5= 6(w)

(4) 6(w)

(33) If the Fourier transform of x(t) is X(®) then the Fourier transform of x(t-to) is
(A) e 790X (w)

(B) e*/@foX(w)

(C) X (@ + o)

(D) X(w — wo)

(34) If the Fourier transform of x(t) is X(®) then the Fourier transform of x(t+to) is
(A) e/ X (w)

(B) et/®toX(w)

(C) X(w + wo)

(D) X(w — wo)

(35) If the Fourier transform of x(t) is X(®) then the Fourier transform of e/“otx(t) is
(A) e /@t X (w)

(B) e*/“foX (w)

(C) X(w + wo)

(D) X(w — o)

(36) If the Fourier transform of x(t) is X(®) then the Fourier transform of e /®0!x(t) is
(A) e /@t X (w)

(B) e*/“foX (w)

(C) X(w + wo)

(D) X(w = wo)

Dr. B. Ramesh Reddy, Professor of ECE & Vice Principal, LBRCE, Mylavaram, NTR Dist., AP. Page. 75/78




Signals and Systems-23EC02 UNIT-II Fourier Series and Fourier Transform

(37) If the Fourier transform of x(t) is X(®) then the Fourier transform of x(at) is
(A) %X (aw)
w
(B) ax (%)
1 w
©ax()

(D) lalx ()

(38) If the Fourier transform of x(t) is X(®) then the Fourier transform of %x(t) is
(A) joX(w)

(B) =2

©) —j [ X(w)dw

(D) j ==X (w)

(39) If the Fourier transform of x(t) is X(®) then the Fourier transform of [ x(t)dtis
(A) jwX(w)

(B) =2

©) —j [ X(w)dw

(D) j— X (w)

(40) If the Fourier transform of x(t) is X(®) then the Fourier transform of tx(t) is
(A) joX (w)
X(w)
®) *
(€) —j J X(w)dw

(D) j 3= X(w)

(41) If the Fourier transform of x (t) is X (®) then the Fourier transform of @ IS
(A) joX(w)

X(@)
(B) X

(©) —j [ X(w)dw

(D) j =X (w)
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(17) The Fourier transform of signum signal sgn(t) is

® 5,
(B) m(w) + 7,
(©) jo
(D)

(42) The Fourier transform of u(t) function is

1
1+jw

(A) mé(w) + ]iw
(B) 2r8(w) + ]iw
(C) 6 (w) + ]iw

(D)

1
1+jw

(43) The Fourier transform of Cos(wyt) is
(A) T[6(w + wq) + 8(w — wyp)]
(B) m[8(w + wo) — 6(w — wo)]
(C) jm[6(w + wo) + 6(w — wo)]
(D) jr[6(w + wo) — 8(w — wo)]

(44) The Fourier transform of Sin(wyt) is
(A) T[d(w + wg) + 6(w — wy)]

(B) [6(w + wp) — 6(w — wy)]

(C) jm[6(w + wo) + 6(w — w)]

(D) jrr[6(w + wp) — 6(w — wo)]

(45) The Fourier transform of e~ u(t) is

1
a—jw

(A)

Fourier Series and Fourier Transform
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(46) The Fourier transform of e*u(—t) is
1

a—jw

(A)

-1

(D)

(47) The Fourier transform of rectangular signal is

at+jw

(A) Square signal

(B) Triangular signal
(C) Sinc signal

(D) Trapezoidal signal

(48) The Fourier transform of triangular signal is
(A) Rectangular signal

(B) Triangular signal

(C) Sinc square signal

(D) Trapezoidal signal

(49) If x(t) = 6(t — 1) + 8(t + 1), then its Fourier transform is
(A)O

(B) 2jSin(w)

(C) 2Cos(w)

(D) Cos(w)

(50) If x(t) = e~2Itl then its Fourier transform is
2

(A) 24+w?

B) 57

©)

24+ w?
(D)

2
4+ @2

4
4+w?
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